Abstract. In this paper, we study an area-preserving piecewise linear map with the feature of dangerous border collision bifurcations. Using this map, we study dynamical properties occurred in the invariant set, specially related to the boundary of KAM-tori, and the existence and stabilities of periodic orbits. The result shows that elliptic regions having periodic orbits and chaotic region can be divided by smooth curve, which is an unexpected result occurred in area preserving smooth dynamical systems.
Introduction
The area preserving maps of the plane are discrete versions of open Hamiltonian systems that can exhibit chaotic behavior. Their phase space is an open and unbounded set, which violates the basic assumption of Poincaré-recurrence theorem. Hence, it is natural to wonder which points of the plane are nonwondering.
In this paper, we study the piecewise linear map from the point of view of open conservative systems, that is, conservative systems whose phase space is unbounded. Despite its simplicity, the area preserving piecewise linear map exhibits very complex dynamics. Throughout this paper, we show that the maximal invariant set exists, which is the reason of occurring a dangerous border collision bifurcation and which contains Kol'mogorov-Arnol'd-Moser (KAM) islands and chaotic sea.
Recently, a new type of border collision bifurcation has been found in Ref. [11] and now such bifurcations have been called dangerous border-collision bifurcations. In these bifurcations, although an attracting fixed point exists for all parameter values before and after the critical bifurcation parameter value, a striking feature occurs in which the bifurcation typically leads to unbounded behavior of orbits as a system parameter is slowly varied through its bifurcation value in each of the two directions. For the corresponding piecewise smooth linear map, all orbits with nonzero initial condition diverge to infinity at the critical bifurcation value. This is a very interesting and unusual phenomenon compared to the existing bifurcation theory. The main reason for occurring this bifurcation is the existence of a maximal invariant set.
In this paper, we are focusing on dynamical features that happen near elliptic regions and specially, the destruction of an invariant curve, which will distinguish the chaotic region form the regular one.
In Section 2, we introduce our model equations and the invariant set that occurs in this nonsmooth dynamical system. Their dynamical properties including a stability of periodic orbits and the characteristic property for KAM-type structure on the invariant will be studied in Section 3. We show that smooth and nonsmooth KAM curves occur and present the destruction of an invariant curve. A discussion is presented in Sec. 4.
Basic setting and properties for area-preserving nonsmooth maps
In this paper, we consider one of the simplest area-preserving nonsmooth maps on the plane:
where X n = (x n , y n ) T ∈ R 2 and a, b, c, d and µ are parameters of the system.
For simplifying notation,
To consider the invariant property, we also choose the parameter setting [4, 5, 6, 7] :
Here, we are interested in studying the area-preserving nonsmooth maps. To do this, the necessary condition for area-preserving is that
It implies that the parameter b should be equal to −1. Then the above system, Eq.(2), is the area preserving piecewise smooth map with the border line,
T and let B µ ⊂ R 2 be a polygon with vertices v 1 , v 2 , O, and v 3 . As an example, Fig. 2 shows the geometrical shape of B µ for µ < 0. In the case where µ = 0, we can see that B 0 = {(0, 0) T }. Proof. See the Ref. [4] A fixed point p µ = (x pµ , y pµ )
T of the system, Eq(2), will be derived by
Note that the fixed point p µ of the map F is always in B µ . We can actually show that the set B µ is an maximal invariant set enclosed by heteroclinic saddle connections, as follows. 
KAM-type Structure
To see a dynamical behavior on the invariant set B µ , we numerically investigate it. For instance, a = −0.6, The dynamics on the phase space occurs in the KAM tori and KAM islands embedded in the chaotic sea, as shown in Fig. 1(a) . Since our system is nonsmooth, the classical KAM theory does not apply to our system. But, we can find a remarkable number of dynamical features analogous to those found in nonlinear smooth area preserving maps. For instance, the persistence of invariant curves for smooth area preserving maps as predicted by the KAM theorem, as shown in Figs. 1 and 2 .
We point out that isolating invariant sets can exist, which afford the formulation of a criterion for global stability in closed form, and there exist smooth and nonsmooth invariant curves within B µ , as shown in Fig. 2 for a = −2.1.
Period five orbits
As shown in Ref. [7] , the dynamical features near periodic orbits are very interesting.
Theorem 3.1. There exists a stable period-5 orbit with start point p 1 , where Proof. Starting from the point p 1 , to get p 2 = F µ (p 1 ), we have to consider the sign of the x-value of p 1 . Here under the condition, a ≤ (−1 − √ 5)/2 and µ < 0, this value is negative. It implies that
T from Eq. (2). Now,
Similar to above argument, the x-value of p 2 is positive. Thus,
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Finally we get the iterated point.
} is the periodic orbit with period five under the condition, a ≤ (−1 − √ 5)/2 and µ < 0.
To investigate the stability of this period five orbit, its Jacobian matrix, DF 5 µ (p 4 ), evaluated at p 4 will be considered:
The eigenvalues λ i of DF
Otherwise, i.e., if a < −1/2, then eigenvalues are complex and their magnitude are one. It means that this periodic orbit is elliptic. In order to determine the stability of the elliptic periodic orbit, a local change of coordinates will be needed. From a computation of eigenvectors with the corresponding eigenvalue λ i , we get a coordinate changing matrix P such that
In a changed coordinate, a local behavior will be governed by a following linear system T :
where α = 1/(2a) and β = √ 4a 2 − 1/(2a). Since a length of an orbit of T preserves, orbits of T lie on circles centered on the origin. These circles correspond invariant curves of T . The rotational number on the invariant circle is determined by an angle θ = tan −1 (−β/α). When the quantity π/θ is rational, every point of the invariant curve is a periodic point. On the other hand, when it is irrational, the correspond to invariant circle contains no periodic points and the orbit of T fill out the circle densely. It means that this periodic orbit is stable. Example 1. Since tan(−θ) = √ 4a 2 − 1, for instance, if we take a = − 2 + √ 3, then θ will be 5π/12, because tan(5π/12) = 2 + √ 3. It implies that the matrix P −1 DF 5 µ P rotates the unit disk by the angle 5π/12. Therefore there is a periodic orbit of T with period 24.
The geometric implication of Twist theorem is that such an invariant circle of the unperturbed twist map survives small area preserving perturbations, possibly deformed a bit. It is evident that there are infinitely many surviving concentric invariant closed circles, and that an orbit of the perturbed map remains two such curves. What happens to the other invariant circles? Usually break up, although the Twist theorem says nothing about them. A disintegrating circle may give rise to periodic orbits and some of these periodic orbits can in turn be ellipse surrounded by invariant and disintegrating curves.
To see the dynamics on F 5 µ near the periodic-five points, consider the inverse transformation P −1 and then invariant elliptic curves shown in Fig. 3(a) can be explicitly constructed. One of questions about invariant curves is " What is a maximal invariant curve? ". General KAM theory says that under the effect of perturbation, some KAM curves or invariant curves are destroyed whereas others persist. To study of the destruction of KAM curves is of importance in many application since KAM curves are barriers to transport and their breakup signals the lack of confinement in a two dimensional phase space. To understand when and how this happens is to answer the problem of the transition to chaos in nonsmooth maps.
In our nonsmooth system, if a surviving invariant curve collides the border line(x = 0), what happens to this invariant curve? Typically, it breaks up and shows a complex behavior due to the sudden change in Jacobian elements.
Proof. Evaluated F 5 µ starting from the point p 4 is
Let (x, y) be a point on the ellipse,
From a straightforward computation of (x, y) = F 5 µ (x, y), one may easily check that (x, y) is also on the ellipse.(See Appendix) Besides, the point tagentially touching the border line can be investigated by using the derivative of the ellipse. where r = 655/11466. This invariant curve is a smooth curve tangent to the border line and corresponds to the barrier. In Fig. ? ?(a), the out most KAMcurves is indicated as red curves.
As shown in Fig. 4 , the dynamical structure at the hyperbolic periodic points can be replaced by the discontinuity on the Jacobian element at the border. It induces the complexity or chaos. What happens to the other invariant circles? Usually they break up, although the Twist theorem says nothing about them. A disintegrating circle may give rise to periodic orbits and some of these periodic orbits can in turn be an ellipse surrounded by invariant and disintegrating curves. Even when an elliptic fixed point of an area preserving map is stable so that there are invariant closed curves(-all the iterates of any point on the curve remain on the curve encircling the fixed point), the dynamics of the map T . Only along the line y = x at the fixed point, there is a flipping behavior.
Proof. The eigenvalues λ i of the 2 × 2 Jacobian matrix evaluated at the fixed point p is −1, that is λ i = −1. Since these eigenvalues are not distinct and its magnitude is one, we could not determine the stability of the fixed point based on the Jacobian theory.
As a consequence, we need to consider the following linearized system in order to examine the local dynamics at the fixed point p:
where A is the Jacobian matrix evaluated at p. After iterating A, we get that
It implies that
for a given initial condition X 0 = (x 0 , y 0 ) T . If we consider an evolution of the ratio between x n and y n , that is,
Since the eigenvalues of the matrix A is negative, and |x n | and |y n | diverge to infinity as n goes ∞, it means that for an orbit with an initial condition (x 0 , y 0 ), with x 0 = y 0 , in the neighborhood of the fixed point, there is a flipping behavior of orbits along the line y = x at the fixed point. The unit disk is mapped into an ellipse with semi-major axes of length l 1 along the line y = x and l 2 along the line y = −x, where l (1, 1) , we may ask that the line y = x which is the center eigenspace is an unstable manifold? Since the inverse matrix of A is A −1 = 0 −1 1 −2 and its power is
we get that for the inverse linear system, X n+1 = A −1 X n ,
From this, we get that
In the case of x 0 = y 0 , we get X n = (−1) n X 0 , where X 0 = (x 0 , y 0 ) T . That is, the point X 0 is the periodic orbit with period two. It implies that any point on the line y = x except the fixed point has period two. That is, orbits starting in the neighborhood of the fixed point diverge along the line y = x. Although this fixed point is not a saddle point exhibiting sensitive dependence on initial conditions, the computation of the evolution of a distance between two nearby initial conditions shows sensitive dependence on the initial conditions, that is, |X n − Y n | → ∞.
Period two orbits
In this section, we discuss white triangle parts shown in Fig. 2 . If we take n = 1, a period-two orbit {p 1 , p 2 } can be calculated by a straightforward computation on the map F µ , where p 1 = ((2a + 1)µ/(3a), −(a + 2)µ/3) and p 2 = ((a + 2)µ/3, −(2a + 1)µ/(3a)). In the process of this calculation, the existence condition for the periodic orbit with period two can be derived and it is a ≤ −2. Eigenvalues λ i of its Jacobian matrix M 1 M 2 are λ i = (−1 ± √ 3i)/2, which locate in the unit circle on complex plane.
To understand a stability of this periodic orbit, a local change of coordinates will be needed. From a basic knowledge of a linear algebra, we will get a matrix P 2 of changing coordinates:
It thus implies that a rotational action in the changed coordinates will be determined by an angle θ = tan −1 (β/α) = tan −1 (− √ 3), i.e., θ = 2π/3. This means there are period-six orbits near this period-two orbit.
For µ < 0, let D 
where I is the identity matrix. It follows that F 6 µ = I on a neighborhood of the period-two orbit. These facts can be derived by a straightforward computation on the map F µ .
Since is an invariant curve of F 2 µ . Similarly, we can see that a triangle that is a similarly contracted one of the triangle of vertices v i (or F µ (v i )) is an invariant closed curve. The interesting facts are that (1) the period-two orbit is a centroid of these triangles, (2) invariant curves, triangles, are absolutely "nonsmooth" curves, as shown in Fig. 3(b) , and (3) the boundary of D 
Conclusion
In this paper, we consider an area preserving piecewise smooth map with the feature of dangerous border collision bifurcations. We are considering dynamical features near elliptic periodic orbits and show the destruction of regular regions and induce the chaotic region. That is, we show the boundary of regular regions and stabilities of periodic orbits.
Appendix
Let (x 1 , y 1 ) be in ellipse. Then (x 1 , y 1 ) satisfies the equation in Theorem 5. 
